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============

In order to determine the time it takes for a random walker to find a target, or the probability that a stochastic signal has not reached a threshold up to time $\documentclass[12pt]{minimal}
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                \begin{document}$$t$$\end{document}$, it is required to analyse the first-passage time (FPT) statistics. This has attracted considerable attention from physicists and mathematicians in the last decades^[@CR1]--[@CR6]^ notably because of the relevance of FPT related quantities in contexts as varied as diffusion controlled reactions, finance, search processes, or biophysics^[@CR7],[@CR8]^.

A single-target first-passage problem is entirely characterized by the so-called "survival probability" $\documentclass[12pt]{minimal}
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                \begin{document}$$S(t)$$\end{document}$ (the probability that the target has not been reached up to time $\documentclass[12pt]{minimal}
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                \begin{document}$$t$$\end{document}$), or equivalently by the FPT distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$F(t)=-{\partial }_{t}S(t)$$\end{document}$. For a symmetric random walk in a confined domain, the mean FPT is in general finite and has been studied at length. This led recently to explicit results for broad classes of stochastic processes^[@CR2],[@CR9]--[@CR12]^. The opposite case of unconfined random walks is drastically different. In this case, either the walker has a finite probability of never finding the target (non-compact random walks), or it reaches it with probability one (compact random walk) and the survival probability decays algebraically with time, $\documentclass[12pt]{minimal}
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                \begin{document}$$S(t) \sim {S}_{0}/{t}^{\theta }$$\end{document}$, with $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta$$\end{document}$ the persistence exponent that does not depend on the initial distance to the target. In this case the mean FPT is often infinite so that the relevant observable to quantify FPT statistics is the long-time algebraic decay of the probability $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S(t)$$\end{document}$ that the target has not been reached up to $\documentclass[12pt]{minimal}
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                \begin{document}$$t$$\end{document}$. This, additional to the fact that $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta$$\end{document}$ can be non-trivial for non-Markovian random walks, has triggered a considerable amount of work to characterize the persistence exponent $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta$$\end{document}$ in a wide number of models of non-equilibrium statistical mechanics. Indeed, $\documentclass[12pt]{minimal}
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                \begin{document}$$S(t)$$\end{document}$ is an essential observable to quantify the kinetics of transport controlled reactions and the dynamics of coarsening in phase transitions in general^[@CR13],[@CR14]^.

However, if one aims to evaluate the time $\documentclass[12pt]{minimal}
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                \begin{document}$$t$$\end{document}$ to wait for observing a first-passage event with a given likelihood, or to determine the dependence of the survival probability on the initial distance to the target, one needs to know the prefactor $\documentclass[12pt]{minimal}
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                \begin{document}$${S}_{0}$$\end{document}$, which turns out to be much less characterized than the persistence exponent $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta$$\end{document}$. Even for Markovian random walks this problem is not trivial^[@CR15]^, as exemplified by recent studies for one-dimensional Levy flights^[@CR16]^, while only scaling relations for $\documentclass[12pt]{minimal}
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                \begin{document}$${S}_{0}$$\end{document}$ (with the initial distance to the target) are known^[@CR17]^ in fractal domains. However, if the dynamics of the random walker results from interactions with other degrees of freedom, the process becomes non-Markovian and the determination of $\documentclass[12pt]{minimal}
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                \begin{document}$${S}_{0}$$\end{document}$ becomes much more involved^[@CR18]^. In this case, the only explicit results are derived from perturbation expansion around Markovian processes^[@CR19],[@CR20]^, or have been obtained for particular processes such as "run and tumble" motion (driven by telegraphic noise^[@CR21]^) or the random acceleration process^[@CR22]^. For long-range correlated processes, such as fractional Brownian Motion, the existence of $\documentclass[12pt]{minimal}
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                \begin{document}$${S}_{0}$$\end{document}$ is not even established rigourously^[@CR15],[@CR23]^, and it has been found that straightforward adaptation of Markovian methods can lead to order-of-magnitude overestimations of $\documentclass[12pt]{minimal}
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                \begin{document}$${S}_{0}$$\end{document}$ and even to erroneous scalings^[@CR24]^.

In this article, we rely on a non-perturbative strategy to determine $\documentclass[12pt]{minimal}
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                \begin{document}$${S}_{0}$$\end{document}$, which is of crucial interest to quantify the statistics of long FPT events. Our main result is a relation between the prefactor $\documentclass[12pt]{minimal}
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                \begin{document}$${S}_{0}$$\end{document}$ in the long-time survival probability in free space and the mean FPT for the same process in a large confining volume. Our formula thus shows how to make use of the wealth of explicit results obtained recently on first-passage properties in confinement^[@CR2],[@CR9],[@CR10],[@CR25]^ to determine the decay of the free-space survival probability. This formula is shown to be robust and holds for Markovian or non-Markovian processes with stationary increments, that are scale invariant at long times with diverging moments of the position, in one or higher spatial dimensions, and also for processes displaying transient aging (i.e., processes with finite memory time, whose initial state is not stationary, see below). This theory is confirmed by simulations for a variety of stochastic processes, including highly correlated ones such as Fractional Brownian Motion.

Results {#Sec2}
=======

Markovian case {#Sec3}
--------------

We consider a symmetric random walker of position $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bf{r}}(t)$$\end{document}$ moving on an infinite discrete lattice (potentially fractal) of dimension $\documentclass[12pt]{minimal}
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                \begin{document}$${d}_{f}$$\end{document}$ (see Fig. [1](#Fig1){ref-type="fig"}a for the continuous space counterpart) in continuous time $\documentclass[12pt]{minimal}
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                \begin{document}$$t$$\end{document}$, in absence of external field. The initial position is $\documentclass[12pt]{minimal}
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                \begin{document}$${{\bf{r}}}_{0}$$\end{document}$. We assume that the increments are stationary (no aging), which means in particular that $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma (t,\tau )\equiv \langle | {\bf{r}}(t+\tau )-{\bf{r}}(t){| }^{2}\rangle$$\end{document}$ is independent of the elapsed time $\documentclass[12pt]{minimal}
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                \begin{document}$$t$$\end{document}$. Note that in the case of fractal spaces, we use the standard "chemical" distance defined as the minimal number of steps to link two points on the lattice. We define the walk dimension $\documentclass[12pt]{minimal}
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                \begin{document}$${d}_{w}$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma (t,\tau )\propto {\tau }^{2/{d}_{w}}$$\end{document}$ for $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau \to \infty$$\end{document}$. Note that (i) this scale invariance is assumed only at long times, and that (ii) it implies that all even moments of the position diverge with time. We assume $\documentclass[12pt]{minimal}
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                \begin{document}$${d}_{w} > {d}_{f}$$\end{document}$ so that the process is compact^[@CR26],[@CR27]^ (and eventually reaches any point with probability one). We also introduce the Hurst exponent $\documentclass[12pt]{minimal}
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                \begin{document}$$H=1/{d}_{w}$$\end{document}$.Fig. 1First-passage problem with or without confinement. Two first-passage problems in which a random walker starting from a given site (green square) reaches a target (red disk) at the end of a stochastic trajectory: **a** in free space, **b** in a confined reflecting domain. Sample trajectories for fractional Brownian motion ($\documentclass[12pt]{minimal}
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                \begin{document}$$H=0.45$$\end{document}$) are shown

We first consider the case of Markovian (memoryless) random walks. One can then define a propagator $\documentclass[12pt]{minimal}
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                \begin{document}$$p({\bf{r}},t| {{\bf{r}}}_{0})$$\end{document}$, which represents the probability to observe the walker at site $\documentclass[12pt]{minimal}
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                \begin{document}$$t$$\end{document}$ given that it started at $\documentclass[12pt]{minimal}
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                \begin{document}$${{\bf{r}}}_{0}$$\end{document}$ at initial time. Note that $\documentclass[12pt]{minimal}
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                \begin{document}$$p$$\end{document}$ is defined in absence of target. We now add an absorbing target at site $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bf{r}}=0$$\end{document}$ (different from $\documentclass[12pt]{minimal}
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                \begin{document}$${{\bf{r}}}_{0}$$\end{document}$). We start our analysis with the standard renewal equation^[@CR1],[@CR18],[@CR28]^:$$\documentclass[12pt]{minimal}
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                \begin{document}$$p({\bf{0}},t| {{\bf{r}}}_{0})={\int _{0}^{t}}d\tau F(\tau ;{{\bf{r}}}_{0})p({\bf{0}},t-\tau | {\bf{0}}),$$\end{document}$$which relates the propagator $\documentclass[12pt]{minimal}
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                \begin{document}$$p$$\end{document}$ to the FPT distribution $\documentclass[12pt]{minimal}
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                \begin{document}$${{\bf{r}}}_{0}$$\end{document}$. This equation is obtained by partitioning over the FPT to the target, and can be rewritten in Laplace space as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\widetilde{p}({\bf{0}},s| {{\bf{r}}}_{0})=\widetilde{F}(s;{{\bf{r}}}_{0})\widetilde{p}({\bf{0}},s| {\bf{0}}),$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\widetilde{F}(s)={\int }_{\!0}^{\infty }dtF(t){e}^{-st}$$\end{document}$ stands for the Laplace transform of $\documentclass[12pt]{minimal}
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                \begin{document}$$F(t)$$\end{document}$. Here, we only focus on the long-time behavior of $\documentclass[12pt]{minimal}
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                \begin{document}$$F(t)$$\end{document}$, that can be obtained by expanding Eq. ([2](#Equ2){ref-type=""}) for small $\documentclass[12pt]{minimal}
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                \begin{document}$$s$$\end{document}$. Scale invariance at long times implies^[@CR27]^ that for any site $\documentclass[12pt]{minimal}
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                \begin{document}$$p({\bf{0}},t| {\bf{r}})\mathop{ \sim }\limits_{t\to \infty }K/{t}^{{d}_{f}/{d}_{w}},$$\end{document}$$where the notation "$\documentclass[12pt]{minimal}
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                \begin{document}$$K$$\end{document}$ is a positive coefficient. Note that $\documentclass[12pt]{minimal}
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                \begin{document}$$K$$\end{document}$ is known to be position independent and is well characterized (at least numerically) for a large class of stochastic processes, including diffusion in a wide class of fractals^[@CR17]^, ^[@CR29]--[@CR31]^. We find that the small-$\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{K\ \Gamma (1-\frac{{d}_{f}}{{d}_{w}})}{{s}^{1-{d}_{f}/{d}_{w}}}-\widetilde{p}({\bf{0}},s| {\bf{r}})\mathop{ \sim }\limits_{s\to 0}{\int _{0}^{\infty }}dt\left[\frac{K}{{t}^{{d}_{f}/{d}_{w}}}-p({\bf{0}},t| {\bf{r}})\right],$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma (\cdot )$$\end{document}$ is the Gamma function. Eqs. ([2](#Equ2){ref-type=""}) and ([4](#Equ4){ref-type=""}) (written for $\documentclass[12pt]{minimal}
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                \begin{document}$${\bf{r}}={{\bf{r}}}_{0}$$\end{document}$) lead to$$\documentclass[12pt]{minimal}
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                \begin{document}$$1-\widetilde{F}(s;{{\bf{r}}}_{0})\mathop{ \sim }\limits_{s\to 0}{\int _{0}^{\infty }}dt\left[p({\bf{0}},t| {\bf{0}})-p({\bf{0}},t| {{\bf{r}}}_{0})\right]\frac{{s}^{1-{d}_{f}/{d}_{w}}}{K\ \Gamma \left(1-\frac{{d}_{f}}{{d}_{w}}\right)}.$$\end{document}$$Taking the inverse Laplace transform (and using $\documentclass[12pt]{minimal}
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                \begin{document}$$F(t)=-\dot{S}$$\end{document}$) leads to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S(t) \sim {S}_{0}/{t}^{\theta }$$\end{document}$ with $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta =1-{d}_{f}/{d}_{w}$$\end{document}$ (as found in ref. ^[@CR17]^), and to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${S}_{0}=\frac{\sin (\pi {d}_{f}/{d}_{w})}{K\pi }{\int _{0}^{\infty }}dt\left[p({\bf{0}},t| {\bf{0}})-p({\bf{0}},t| {{\bf{r}}}_{0})\right].$$\end{document}$$This expression is exact and characterizes the decay of the survival probability of unconfined scale invariant Markovian random walks.

We now consider the target search problem for the same random walk, with the only difference that it takes place in a confining volume $\documentclass[12pt]{minimal}
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                \begin{document}$$N$$\end{document}$ in our discrete formulation) (see Fig. [1](#Fig1){ref-type="fig"}b). For this problem, the mean FPT $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle {\bf{T}}\rangle$$\end{document}$ is in general finite and it is known that it scales linearly with the volume and reads^[@CR2],[@CR9]^$$\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{\langle {\bf{T}}\rangle }{V}\mathop{ \sim }\limits_{V\to \infty }{\int _{0}^{\infty }}dt\left[p({\bf{0}},t| {\bf{0}})-p({\bf{0}},t| {{\bf{r}}}_{0})\right].$$\end{document}$$We recognize in the above expression the time integral of propagators appearing in Eq. ([6](#Equ6){ref-type=""}), leading to$$\documentclass[12pt]{minimal}
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                \begin{document}$${S}_{0}=\frac{\sin (\pi {d}_{f}/{d}_{w})}{\pi \ K}\overline{T},\,\text{with}\,\overline{T}=\mathop{\mathrm{lim}}\limits_{V\to \infty }\langle {\bf{T}}\rangle /V.$$\end{document}$$Hence, for compact Markovian random walks, we have identified a proportionality relation between the prefactor $\documentclass[12pt]{minimal}
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                \begin{document}$${S}_{0}$$\end{document}$ that characterizes the long-time survival probability in free space and the rescaled mean FPT to the target in unconfined space. The proportionality coefficient involves the walk dimension $\documentclass[12pt]{minimal}
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As a second application, we can consider the one-dimensional Lévy stable process of index $\documentclass[12pt]{minimal}
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Extension to non-Markovian processes {#Sec4}
------------------------------------

We now relax the Markov property and generalize our theory to the case of non-Markovian processes, i.e., displaying memory. In the following, we argue that the relation ([8](#Equ8){ref-type=""}) yields much more accurate results for $\documentclass[12pt]{minimal}
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For simplicity, we consider one-dimensional processes and we switch to continuous space description. The stochastic trajectories $\documentclass[12pt]{minimal}
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First, we stress that Eq. ([18](#Equ18){ref-type=""}) is exact for processes with finite memory time (i.e. for which the correlation function of increments decays exponentially at long times). This comes from the very definition of the function $\documentclass[12pt]{minimal}
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Second, it is showed in SI that Eq. ([18](#Equ18){ref-type=""}) is also exact at first order in $\documentclass[12pt]{minimal}
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Third, in the strongly non-Markovian regime, where $\documentclass[12pt]{minimal}
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Furthermore, our approach also holds in dimension higher than one, even for strongly correlated non-Markovian processes. Indeed, the $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{T}$$\end{document}$, which is available in the non-Markovian theory of ref. ^[@CR25]^. Finally, in the case of processes with finite memory, we find that Eq. ([18](#Equ18){ref-type=""}) also holds for non-stationary initial conditions. This is illustrated by considering the case of a flexible phantom polymer for which all monomers are placed initially at $\documentclass[12pt]{minimal}
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Finally, let us mention the case of the one-dimensional run and tumble process, where a particle switches between phases of constant velocities $\documentclass[12pt]{minimal}
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                \begin{document}$$K=\sqrt{\alpha /(2\pi {v}^{2})}$$\end{document}$, and we can check that our relation still holds^[@CR21],[@CR46]^. Furthermore, it also holds in the case of partially reflecting targets, as can be deduced from the results of ref. ^[@CR47]^. This suggests that our analysis can be extended to smooth non-Markovian processes with partial absorption as well.
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The determination of the survival probability $\documentclass[12pt]{minimal}
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                \begin{document}$$S(t)$$\end{document}$, and in particular its dependence on the initial distance to the target, requires the knowledge of its prefactor $\documentclass[12pt]{minimal}
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                \begin{document}$${S}_{0}$$\end{document}$, which has remained an elusive quantity up to now. In this article, we have bridged this gap by identifying a general relation between the long-time persistence and the mean FPT in confinement. The latter can be calculated with various recently introduced methods, for a large class of Markovian^[@CR2],[@CR10],[@CR11]^ and non-Markovian random walks^[@CR25]^. Our theory holds for compact, unbiased walks with stationary increments that are scale invariant at long times (without confinement), with moments of the position that diverge with time. Our main result is Eq. ([8](#Equ8){ref-type=""}), which is exact for both Markovian processes (such as diffusion in fractals) and for non-Markovian processes with finite memory time (for which memory effects are nevertheless quantitatively non-negligible). For long-ranged correlated processes such as FBM our formula provides a good approximation of $\documentclass[12pt]{minimal}
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                \begin{document}$${S}_{0}$$\end{document}$ in one or higher dimensions, and is found to be exact at first order in a perturbation expansion around Brownian motion. Together, our results thus improve our understanding of the impact of memory on the statistics of long first-passage events.
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